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ELEMENTARY CONSTRUCTION OF SUBHARMONIC EXHAUSTION
FUNCTIONS
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∗
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∗∗
Abstrat. By a theorem of Greene and Wu [GW℄, a nonompat onneted Riemannian
manifold admits a C∞ stritly subharmoni exhaustion funtion. Demailly provided an
elementary proof of this fat in [D℄. A further simpliation of Demailly's proof and
some (mostly known) appliations are desribed. Appliations inlude the fat that the
holomorphi line bundle assoiated to a nontrivial eetive divisor on a ompat onneted
omplex manifold X admits a C∞ Hermitian metri with positive salar urvature.
0. Introdution
Let (M, g) be a Riemannian manifold of dimension n. The Laplae operator ∆g for g is
given in loal oordinates (x1, . . . , xn) by
∆gϕ =
1√
G
n∑
i,j=1
∂
∂xi
[
gij
√
G
∂ϕ
∂xj
]
,
for every funtion ϕ of lass C2; where
G = det(gij) and (g
ij) = (gij)
−1.
A C2 real-valued funtion ϕ is alled subharmoni (stritly subharmoni) with respet to g
if ∆gϕ ≥ 0 (respetively, ∆gϕ > 0).
A real-valued funtion ρ on a topologial spae X is alled an exhaustion funtion if
{ x ∈ X | ρ(x) < a } ⊂⊂ X ∀a ∈ R.
The main purpose of this paper is to desribe a simple proof of the following:
Theorem 0.1 (Greene and Wu [GW℄). A onneted nonompat Riemannian manifold M
admits a C∞ stritly subharmoni exhaustion funtion.
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Greene and Wu atually produed a proper embedding by harmoni funtions and ob-
tained the above as a onsequene. Thus their proof is not elementary. A related onstru-
tion is that of Ohsawa [O℄ of a strongly n-onvex exhaustion funtion on an n-dimensional
omplex spae with no ompat irreduible omponents. Demailly [D℄ provided an elemen-
tary (and relatively simple) proof of Theorem 0.1 (his proof is written for the ase of the
Laplae operator of a Hermitian metri, but it an be modied to give the above theorem).
His method is a version of the lassial idea in Runge theory in one omplex variable of
pushing singularities to innity using a loal onstrution. His loal onstrution, although
short, requires some alulations whih are not ompletely transparent. Sine subharmoni
funtions are fundamental objets, it is natural to searh for a onstrution whih is as
simple as possible.
In this paper we onsider another proof along these lines, in whih the loal onstrution
is very simple and transparent. The fundamental observation is that one an produe a
C∞ bump funtion whih is subharmoni outside an arbitrarily small set:
Bump funtion lemma. Let B be a domain in M , let K be a ompat subset of B, and
let W be a nonempty open subset of B \K. Then there exists a nonnegative C∞ funtion
α on M suh that α ≡ 0 on M \B, α > 0 and ∆α > 0 on K, and ∆α ≥ 0 on M \W .
Sketh of the proof. We may assume without loss of generality that W ⊂⊂ B ⊂⊂ M and
we may x a domain U and a nonnegative C∞ funtion ρ on M suh that
K ∪W ⊂ U ⊂⊂ B, ρ > 0 on U, and ρ < 0 on M \B.
Replaing ρ by an approximating Morse funtion (see, for example, [GG℄), we may also
assume that ρ has only isolated ritial points in B. Fix a regular value ǫ > 0 for ρ with
ρ > ǫ on U and let V be the omponent of { x ∈ M | ρ(x) > ǫ } ontaining U . Thus
U ⊂⊂ V ⊂⊂ B.
We will say that a mapping Φ : N → N of a onneted smooth manifold N of dimen-
sion ≥ 2 onto itself has ompat support if Φ is equal to the identity outside a ompat set.
Given two points p, q ∈ N , there exists a C∞ dieomorphism Φ : N → N with ompat
support suh that Φ(p) = q (for the set of points q in N to whih p an be moved by suh a
dieomorphism is open and losed). For distint points p1, . . . , pm, q1, . . . , qm in N , one gets
suh a Φ with Φ(pj) = qj for j = 1, . . . , m by forming a ompatly supported dieomor-
phism Φj of N \{p1, . . . , pˆj , . . . , pm, q1, . . . , qˆj, . . . , qm} moving pj to qj for eah j = 1, . . . , m
and letting Φ be the omposition of the extensions by the identity for Φ1, . . . ,Φm.
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Thus we may move intoW the ritial points of ρ in V by a dieomorphism with ompat
support in V , and hene we may assume that ∇ρ 6= 0 at eah point in V \W ⊃ K. For
R > 0, let β ≡ eRρ − eRǫ. Then
∆β = ReRρ(∆ρ+R|∇ρ|2) > 0
on V \W , provided R ≫ 0. Finally, xing a C∞ funtion χ : R → R suh that χ(t) = 0
for t ≤ 0 and χ′(t) > 0 and χ′′(t) ≥ 0 for t > 0, we get a nonnegative C∞ funtion
α ≡
{
χ(β) on V
0 on M \ V
On V \W , we have α > 0 and
∆α = χ′(β)∆β + χ′′(β)|∇β|2 > 0.
It follows that α has the required properties. 
ForB a oordinate n-dimensional retangle (or another nie set), one an easily onstrut
suh a funtion α expliitly (see Lemmas 1.61.8). Moreover, suh bump funtions are all
that are needed to redue the onstrution of a stritly subharmoni exhaustion funtion
to point set topology (so the proof is very elementary).
One pushes the bad set o to innity (in the usual way) as follows. Given a point p ∈M ,
there is a loally nite sequene of relatively ompat domains {Bν}∞ν=1 with
p ∈ B1 and Bν ∩ Bν+1 6= ∅ for ν = 1, 2, 3, . . . .
Hene there exist nonempty disjoint open sets {Wν}∞ν=0 suh that p ∈ Np ≡ W0 ⊂⊂ B1 and
Wν ⊂⊂ Bν ∩ Bν+1 for ν = 1, 2, 3, . . . and, as in the lemma, C∞ bump funtions {αν}∞ν=1
suh that, for eah ν = 1, 2, 3, . . . , we have suppαν ⊂ Bν , αν > 0 and ∆αν > 0 on W ν−1,
and ∆αν ≥ 0 onM \Wν . For onstants 0 < r1 ≪ r2 ≪ r3 ≪ · · · , we get a C∞ subharmoni
funtion
βp ≡
∞∑
ν=1
rναν
with supp βp ⊂ Qp ≡
⋃∞
ν=1Bν and βp > 0 and ∆βp > 0 on the neighborhood Np of p.
Paraompatness implies that we an form a loally nite overing {Npj} ofM by suh sets
and a orresponding loally nite olletion {Qpj}. Thus, for Rj ≫ 0 for j = 1, 2, 3, . . . ,
we get a C∞ stritly subharmoni exhaustion funtion
ϕ ≡
∞∑
j=1
Rjβpj .
In fat, the above arguments atually give the following analogue of Urysohn's lemma:
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Theorem 0.2 (f. Theorem 1.13). Suppose U is a domain in a onneted nonompat
Riemannian manifoldM , C is a onneted nonompat losed subset ofM with C ⊂ U , and
ρ is a positive ontinuous funtion onM . Then there exists a nonnegative C∞ subharmoni
funtion ϕ on M suh that ϕ ≡ 0 on M \ U and ϕ > ρ and ∆ϕ > ρ on C.
Remark. The existene of suh a set C ⊂ U is a neessary ondition (see the remarks
following Theorem 1.13). In the terminology of [EM℄, U has an exit to ∞ (relative to M).
A detailed proof of Theorem 0.1 (in fat, a proof of the existene of an exhausting
subsolution for a more general ellipti operator) appears in Setion 1. Some (mostly known)
appliations are desribed in Setion 2. These inlude the fat that the holomorphi line
bundle assoiated to a nontrivial eetive divisor on a ompat onneted omplex manifold
X admits a C∞ Hermitian metri with positive salar urvature (Theorem 2.3).
1. Constrution of exhausting subsolutions
Throughout this setion, M will denote a onneted smooth manifold of dimension n
and A will denote a seond order loally uniformly ellipti linear dierential operator with
loally bounded oeients. Thus, in loal oordinates (x1, . . . , xn),
A =
n∑
i,j=1
aij
∂2
∂xi∂xj
+
n∑
i=1
bi
∂
∂xi
+ c;
where aij for eah i and j, bi for eah i, and c are loally bounded real-valued funtions and
(aij) is a symmetri matrix-valued funtion whose eigenvalues are loally bounded below
by a positive onstant.
Theorem 0.1 is a speial ase of the following:
Theorem 1.1. If M is nonompat and ρ is a positive ontinuous funtion on M , then
there exists a C∞ funtion ϕ on M suh that ϕ > ρ and Aϕ > ρ.
The main step in the proof is the following:
Proposition 1.2. Suppose K is a ompat subset of M , U is a omponent of M \K whih
is not relatively ompat in M , and p ∈ U . Then there exists a C∞ funtion α suh that
(i) α ≥ 0 and Aα ≥ 0 on M ,
(ii) suppα ⊂ U ,
(iii) α(p) > 0, and
(iv) Aα > 1 on a neighborhood of p.
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Remark. Sine the oeients of the operator A are only loally bounded, the ondition (iv)
is stronger than the ondition Aα(p) > 1.
The following equivalent version implies that a ompat set whih is topologially Runge
is onvex with respet to funtions α satisfying Aα ≥ 0:
Proposition 1.3. Let K be a ompat subset of M whose omplement has no relatively
ompat omponents. Then, for eah point p ∈M \K, there is a C∞ nonnegative funtion
α on M suh that Aα ≥ 0 on M , α ≡ 0 on K, α(p) > 0, and Aα > 1 near p.
Remark. If the oeients are (for example) C1 and the onstant term c ≤ 0 (for example,
if A = ∆), then a nononstant subsolution on a domain annot attain a positive maximum
and, therefore, the onverse will also hold. That is, if suh a funtion α exists for some
point p ∈M \K, then the omponent of M \K ontaining p is not relatively ompat.
Proposition 1.2 and Proposition 1.3 together with standard arguments in Runge theory
give Theorem 1.1. Proofs are provided for the onveniene of the reader. For this, we need
two elementary observations (f. Malgrange [M℄ or Narasimhan [N℄).
Lemma 1.4. Let X be a nonompat, onneted, loally onneted, loally ompat, Haus-
dor topologial spae. If K is a ompat subset of X and K̂ is the union of K with all of
the relatively ompat omponents of X \ K, then K̂ is ompat, X \ K̂ has only nitely
many omponents, and eah omponent of X \ K̂ has nonompat losure.
Proof. We may assume without loss of generality that K 6= ∅. Sine X is Hausdor, K is
losed and, sine X is loally onneted, the omponents of X \K are open. It follows that
K̂ is a losed set whose omplement has no relatively ompat omponents (sine X \ K̂
is the union of omponents of X \K with nonompat losure).
Sine X is loally ompat Hausdor, we may hoose a relatively ompat neighborhood
Ω of K in X . The omponents of X \K are open and disjoint, so only nitely many meet
the ompat set ∂Ω ⊂ X \K. By replaing Ω by the union of Ω with all relatively ompat
omponents of X \K meeting ∂Ω, we may assume that no relatively ompat omponent
of X \K meets ∂Ω. On the other hand, every omponent E of X \K must satisfy
E ∩K = ∂E 6= ∅.
For E is open and losed relative to X \K, so ∂E ⊂ K, while E 6= X , so ∂E = E \E 6= ∅
(E annot be both open and losed in the onneted spae X). It follows that, if E meets
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X \ Ω, then E meets ∂Ω and hene E is not relatively ompat in X . Thus
X \ Ω ⊂ E1 ∪ · · · ∪ Em
for nitely many omponents E1, . . . , Em of X \ K, none relatively ompat in X , and
K̂ ⊂ Ω ⊂⊂ X . The laim now follows. 
Lemma 1.5. Let X be a seond ountable, nonompat, onneted, loally onneted,
loally ompat, Hausdor topologial spae. Then there is a sequene of ompat sets
{Kν}∞ν=1 suh that X =
⋃∞
ν=1Kν and, for eah ν, Kν ⊂
◦
Kν+1 and K̂ν = Kν, where K̂ν is
dened as in Lemma 1.4.
Proof. We may indutively hoose a sequene of ompat sets {K ′ν} suh thatX =
⋃∞
ν=1K
′
ν
and, for eah ν, K ′ν ⊂
◦
K ′ν+1. Setting Kν = K̂
′
ν for eah ν yields the desired sequene. 
Proof of Theorem 1.1. By Lemma 1.5, we may hoose a sequene of nonempty ompat
sets {Kν} suh that M =
⋃∞
ν=1Kν and, for eah ν, Kν ⊂
◦
Kν+1 and M \ Kν has no
relatively ompat omponents. Set K0 = ∅.
Given p ∈ M , there is a unique ν = ν(p) with p ∈ Kν+1 \ Kν and we may apply
Proposition 1.3 to get a C∞ nonnegative funtion αp and a relatively ompat neighborhood
Vp of p in M \Kν suh that Aαp ≥ 0 on M , αp ≡ 0 on Kν , and αp > ρ and Aαp > ρ on Vp
(one obtains the last two onditions by multiplying by a suiently large positive onstant).
Thus we may hoose a sequene of points {pk} in M and orresponding funtions {αpk}
and neighborhoods {Vpk} so that {Vpk} forms a loally nite overing of M (for example,
one may take {pk} to be an enumeration of the ountable set ∪∞ν=0Zν where, for eah ν,
Zν is a nite set of points in M \
◦
Kν suh that {Vp}p∈Zν overs Kν+1 \
◦
Kν). The olletion
{suppαpk} is then loally nite in M sine suppαpk ⊂ M \Kν whenever pk 6∈ Kν . Hene
the sum
∑∞
k=1 αpk is loally nite and, therefore, onvergent to a C
∞
funtion ϕ on M
satisfying ϕ ≥ αpk > ρ and Aϕ ≥ Aαpk > ρ on Vpk for eah k. Therefore, sine {Vpk}
overs M , we get ϕ > ρ and Aϕ > ρ on M . 
It remains to prove Proposition 1.2.
Lemma 1.6. Eah point p ∈ M has a relatively ompat onneted neighborhood V suh
that, for eah point q ∈ V , there is a C∞ nonnegative funtion ρ on M suh that ρ ≡ 0 on
M \ V , ρ > 0 on V , and q is the unique ritial point of ρ in V (hene ρ(q) = max ρ).
Proof. We may assume without loss of generality that M is an open subset of Rn, p is in
the ube V = (−1, 1)×· · ·× (−1, 1), and V ⊂⊂M . Let q = (a1, . . . , an) ∈ V and, for eah
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i = 1, . . . , n, x a C∞ funtion λi : R→ [0,∞) suh that λi ≡ 0 on R \ (−1, 1), λi > 0 on
(−1, 1), and ai is the unique ritial point of λi in (−1, 1); for example, the funtion
λi(t) =
 exp
(
−(t− ai)
2
1− t2
)
if |t| < 1
0 if |t| ≥ 1
The funtion ρ given by
ρ(x) =
n∏
i=1
λi(xi) ∀ x = (x1, . . . , xn) ∈M
then has the required properties. 
Lemma 1.7. Let ϕ : M → (r, s) ⊂ R be a C2 funtion, let K be a ompat subset of M
whih does not ontain any ritial points for ϕ, and let χ : (r, s) → R be a C2 funtion
satisfying χ′′ ≥ |χ′| and χ′′ ≥ |χ|. Then, for every ǫ and R with 1≫ ǫ > 0 and R≫ 0, we
have A[χ(Rϕ)] ≥ ǫR2χ′′(Rϕ) on K.
Proof. Loally, we have
A =
n∑
i,j=1
aij
∂2
∂xi∂xj
+
n∑
i=1
bi
∂
∂xi
+ c
(with aij = aji). Hene, for R > 0, we have
A[χ(Rϕ)] =
∑
aijχ
′(Rϕ)R
∂2ϕ
∂xi∂xj
+
∑
aijχ
′′(Rϕ)R2
∂ϕ
∂xi
∂ϕ
∂xj
+
∑
biχ
′(Rϕ)R
∂ϕ
∂xi
+ cχ(Rϕ)
= R2χ′′(Rϕ)
∑
aij
∂ϕ
∂xi
∂ϕ
∂xj
+Rχ′(Rϕ)
[∑
aij
∂2ϕ
∂xi∂xj
+
∑
bi
∂ϕ
∂xi
]
+ cχ(Rϕ).
Sine A is loally uniformly ellipti with loally bounded oeients and dϕ 6= 0 at eah
point in the ompat set K, it follows that there exist onstants δ > 0 and N > 0 (whih
do not depend on R) suh that, at eah point in K,
A[χ(Rϕ)] ≥ R2δχ′′(Rϕ)− R|χ′(Rϕ)|N −N |χ(Rϕ)| ≥ χ′′(Rϕ)(δR2 − RN −N).
We have δR2 − RN −N > ǫR2 for 1
2
δ > ǫ > 0 and R≫ 0, so the laim follows. 
Lemma 1.8. There exists a C∞ funtion χ : R→ R suh that
(i) χ(t) = 0 for t ≤ 0, and
(ii) χ′′(t) ≥ χ′(t) ≥ χ(t) > 0 for t > 0.
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Proof. For example, if a, b ≥ 1, then the C∞ funtion
χ(t) =
{
exp
(
at− (b/t)) if t > 0
0 if t ≤ 0
satises (i) and (ii). 
Lemmas 1.61.8 allow one to produe bump funtions whih are subsolutions outside a
small set. To push the bad set o to innity, we require hains of suh bump funtions. For
this, we reall an elementary fat from point set topology. It is onvenient and instrutive
to have this fat in a form whih is slightly stronger than is needed at present.
Lemma 1.9. Let X be a onneted, loally onneted, loally ompat, Hausdor topologial
spae, let B be a ountable olletion of onneted open subsets whih is a basis for the
topology in X, and let U be a onneted open subset whih is not relatively ompat in X.
Suppose that there exists a onneted nonompat losed subset of X whih is ontained in
U . Then
(i) For any onneted nonompat losed subset C of X with C ⊂ U , there exists a
sequene of onneted open subsets {Uν} of X suh that C ⊂ U1, U =
⋃∞
ν=1 Uν,
and, for eah ν, Uν is nonompat and Uν ⊂ Uν+1; and
(ii) For eah point p ∈ U , there is a loally nite sequene of basis elements {Bj} suh
that p ∈ B1 and, for eah j, Bj ⊂⊂ U and Bj ∩Bj+1 6= ∅.
If, in addition, X is loally path onneted, then
(iii) For eah point p ∈ U , there is a proper ontinuous map γ : [0,∞) → X with
γ(0) = p and γ([0,∞)) ⊂ U (i.e. a path in U from p to ∞).
Remark. Conversely, eah of the properties (ii) and (iii) learly implies the existene of a
onneted nonompat losed subset of X whih is ontained in U .
Proof. We rst observe that there is a sequene of onneted open subsets {Ων} of U suh
that U =
⋃∞
ν=1Ων and, for eah ν, Ων ⊂⊂ Ων+1. For we may hoose a overing of U by a
sequene of basis elements {Gj} whih are relatively ompat in U . For eah ν, let Γν be
the onneted omponent of G1 ∪ · · · ∪ Gν ontaining G1. Then Γ ≡
⋃
Γν is equal to U .
For if p ∈ Γ ∩ U , then p ∈ Gj for some j and Gj must meet Γµ for some µ. Therefore, for
ν > max(j, µ), Gj ∪ Γµ is a onneted subset of G1 ∪ · · · ∪Gν ontaining G1 and hene
p ∈ Gj ⊂ Γν ⊂ Γ.
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Thus Γ is both open and losed relative to U and is therefore equal to U . A suitable
subsequene of {Γν} (hosen indutively) will then have eah term relatively ompat in
the next term, as required. We may also hoose a sequene of open subsets {Θν} suh that
X =
⋃∞
ν=1Θν and, for eah ν, Θν ⊂⊂ Θν+1 (the above gives a proof of this elementary
fat whih was used in the proof of Lemma 1.5). Set Ω0 = Θ0 = Θ−1 = ∅.
Next, we observe that, for any set C as in (i), there is a ountable loally nite (in X)
overing AC of C by basis elements whih are relatively ompat in U . For we may take
AC =
⋃∞
ν=1A(ν)C , where, for eah ν = 1, 2, 3, . . . , A(ν)C is a nite overing of the ompat
set C ∩ (Θν \Θν−1) by basis elements whih are relatively ompat in U \Θν−2.
For the proof of (i), we may hoose the sequene {Ων} so that Ω1∩C 6= ∅. Let C0 = C and
Ω0 = U0 = ∅. Given onneted open sets U0, . . . , Uν and onneted losed sets C0, . . . , Cν
suh that, for µ = 1, . . . , ν, we have
Ωµ−1 ∪ Cµ−1 ⊂ Uµ ⊂ Uµ = Cµ ⊂ U
(whih holds vauously if ν = 0), we may hoose Uν+1 to be the union of those elements
of the olletion AΩν∪Cν whih meet the onneted nonompat losed set Ων ∪Cν and set
Cν+1 = U ν+1. Proeeding, we get a sequene {Uν} with the required properties.
For the proof of (ii), we may x a onneted nonompat losed subset C of X with
p ∈ C ⊂ U (for this, we may take {Uν} as in (i) and let C = Uν for some ν ≫ 0). For eah
point q ∈ C, there is a nite sequene of elements B1, . . . , Bk of AC whih forms a hain
from p to q; that is, p ∈ B1, q ∈ Bk, and Bj ∩Bj+1 6= ∅ for j = 1, . . . , k − 1 (we will all k
the length of the hain). For the set E of points q in C for whih there is a hain from p to
q is learly nonempty and open relative to C. On the other hand, E is also losed beause,
if q ∈ E, then q ∈ B for some set B ∈ AC and there must be some point r ∈ B ∩ E.
A hain B1, . . . , Bk from p to r yields the hain B1, . . . , Bk, B from p to q. Thus E = C.
Observe that if q ∈ E and B1, . . . , Bk is a hain of minimal length from p to q, then the
sets B1, . . . , Bk are distint.
Now sine C is nonompat and losed, we may hoose a sequene of points {qν} in C
with qν →∞ in X (for example, qν ∈ C \Θν for eah ν) and, for eah ν, we may hoose a
hain B
(ν)
1 , . . . , B
(ν)
kν
of minimal length from p to qν . Sine the elements of AC are relatively
ompat in U and AC is loally nite in X , there are only nitely many possible hoies
for B
(ν)
j for eah j (only nitely many elements of AC will be in some hain of length j
from p). Moreover, for eah xed j ∈ N, we have kν > j for ν ≫ 0, beause the set of
points in C joined to p by a hain of length ≤ j is relatively ompat in C while qν →∞.
Therefore, after applying a diagonal argument and passing to the assoiated subsequene
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of {qν}, we may assume that, for eah j, there is an element Bj ∈ AC with B(ν)j = Bj
for all ν ≫ 0. Thus we get an innite hain of distint elements {Bj} from p to innity
as required in (ii) (loal niteness in X is guaranteed sine AC is loally nite and the
elements {Bj} are distint).
Finally, suppose X is loally path onneted. Then the sets {Bj} as in (ii) are path
onneted and, setting p0 = p and, hoosing pj ∈ Bj ∩ Bj+1 for eah j = 1, 2, 3, . . . , we
may take γ|[j−1,j] to be a path in Bj from pj−1 to pj for eah j. 
Proof of Proposition 1.2. We rst observe that, if V is a set with the properties desribed
in Lemma 1.6, D is a ompat subset of V , and W is a nonempty open subset of V \D,
then there is a nonnegative C∞ funtion β with ompat support in V suh that Aβ ≥ 0 on
M \W and β > 0 and Aβ > 1 on D. For we may hoose a point q ∈ W , a C∞ nonnegative
funtion ρ onM whih is positive on V and has unique ritial point q in V , a C∞ funtion
χ on R as in Lemma 1.8, and a onstant ǫ > 0 with ρ > ǫ on D. By Lemma 1.7 (applied
to the ompat set K = { x ∈ M \W | ρ(x) ≥ ǫ } ⊂ V \W ), for R ≫ 0, the funtion
β ≡ χ(R(ρ− ǫ)) will have the required properties.
Next, by Lemma 1.9, given a point p ∈ U , there is a loally nite (in X) sequene of
relatively ompat open subsets {Vm} of U suh that p ∈ V1 and, for eah m, Vm has the
properties desribed in Lemma 1.6 and Vm ∩ Vm+1 6= ∅. Hene we may hoose a sequene
of disjoint nonempty open sets {Wm}∞m=0 suh that p ∈ W0 ⊂⊂ V1 and, for eah m ≥ 1,
Wm ⊂⊂ Vm ∩ Vm+1.
By the rst observation, there is a sequene of nonnegative C∞ funtions {βm}∞m=1 suh
that, for eah m, βm is ompatly supported in Vm, Aβm ≥ 0 on M \Wm, and βm > 0 and
Aβm > 1 on Wm−1. We will hoose positive onstants {Rm} indutively so that, for eah
m = 1, 2, 3, . . . ,
A
( m∑
j=1
Rjβj
){ ≥ 0 on M \Wm
> 1 on W 0.
Let R1 ≥ 1. Given R1, . . . , Rm−1 > 0 with the above property, using the fat that Aβm > 1
on Wm−1, we get, for Rm ≫ 0,
A
( m∑
j=1
Rjβj
)
> 1 on Wm−1.
On M \ (Wm−1 ∪Wm) we have Aβm ≥ 0 and hene
A
( m∑
j=1
Rjβj
)
≥ A
(m−1∑
j=1
Rjβj
)
≥ 0
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OnW 0, the above middle expression, and hene the expression on the left, is greater than 1.
Proeeding, we get the sequene {Rm}. The sum
∑
Rmβm is loally nite in X and the
sequene of sets {Wm} is loally nite in X , so the sum onverges to a funtion α with the
required properties. 
A slight modiation of the proof of Theorem 1.1 gives the following more general version:
Theorem 1.10. Suppose K is a ompat subset of M whose omplement M \K has no
relatively ompat omponents, ρ is a positive ontinuous funtion on M , and W is a
neighborhood of K in M . Then there exists a C∞ funtion ϕ on M suh that
(i) ϕ ≥ 0 and Aϕ ≥ 0 on M ,
(ii) ϕ > ρ and Aϕ > ρ on M \W ,
(iii) ϕ ≡ 0 on K,
(iv) ϕ > 0 on M \K, and
(v) For eah ompat set E ⊂ M \ K, we have Aϕ > δ on E for some onstant
δ = δ(ϕ,E) > 0.
Proof. We proeed as in the proof of Theorem 1.1 but now with K0 = K. By Lemma 1.5,
we may hoose nonempty ompat sets {Kν} suh that M =
⋃∞
ν=1Kν and suh that, for
eah ν = 0, 1, 2, . . . , we have Kν ⊂
◦
Kν+1 andM\Kν has no relatively ompat omponents.
Given a point p ∈ M \ K, there is a unique ν = ν(p) ≥ 0 with p ∈ Kν+1 \ Kν
and, by Proposition 1.3, there is a C∞ nonnegative funtion αp and a relatively ompat
neighborhood Vp of p in M \Kν suh that Aαp ≥ 0 on M , αp ≡ 0 on Kν , and αp > ρ and
Aαp > ρ on Vp. Thus we may hoose a sequene of points {pk} inM \K and orresponding
funtions {αpk} and neighborhoods {Vpk} so that {Vpk} forms a overing ofM \W whih is
loally nite inM (as in the proof of Theorem 1.1, one may take {pk} to be an enumeration
of ∪∞ν=0Zν where, for eah ν, Zν is a nite set of points inM \ (W ∪
◦
Kν) suh that {Vp}p∈Zν
overs Kν+1 \ (W ∪
◦
Kν)). The olletion {suppαpk} is then loally nite in M and the
loally nite sum
∑∞
k=1 αpk onverges to a C
∞
funtion ψ on M satisfying ψ ≥ αpk and
Aψ ≥ Aαpk for eah k. It follows that ψ ≥ 0 and Aψ ≥ 0 on M , ψ ≡ 0 on K = K0, and
ψ > ρ and Aψ > ρ on M \W .
In order to obtain the properties (iv) and (v), we hoose a sequene of points {qm} in
M \K and orresponding funtions {αqm} and neighborhoods {Vqm} so that {Vqm} overs
W \ K. Applying a diagonal argument, we may hoose a sequene of positive numbers
{ǫm} onverging to 0 so fast that eah derivative of arbitrary order for the sequene of
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partial sums of
∑
ǫmαqm onverges uniformly on ompat subsets of M . The funtion
ϕ = ψ +
∑
ǫmαqm will then have the required properties. 
The main topologial fat required in the proof of Proposition 1.2 was part (ii) of
Lemma 1.9. This fat is slightly easier to verify for U a omponent of the omplement of
a ompat set. But the more general version (as stated in Lemma 1.9) and the proof of
Proposition 1.2 atually yield the following:
Proposition 1.11. Let U be a onneted open subset of M whih ontains a onneted
nonompat losed subset of M . Then, for eah point p ∈ U , there exists a C∞ funtion α
suh that
(i) α ≥ 0 and Aα ≥ 0 on M ,
(ii) suppα ⊂ U ,
(iii) α(p) > 0, and
(iv) Aα > 1 on a neighborhood of p.
Proposition 1.12. Let K be a losed subset of M suh that eah omponent of M \ K
ontains a onneted nonompat losed subset ofM . Then, for eah point p ∈M\K, there
is a C∞ nonnegative funtion α on M suh that Aα ≥ 0 on M , α ≡ 0 on K, α(p) > 0,
and Aα > 1 near p.
We also get a orresponding generalization of Theorem 1.10:
Theorem 1.13. Suppose K is a losed subset of M suh that eah omponent of M \K
ontains a onneted nonompat losed subset of M and D ⊂M \K is a losed subset of
M with no ompat omponents. Then, for every positive ontinuous real-valued funtion
ρ on M , there is a C∞ funtion ϕ suh that
(i) ϕ ≥ 0 and Aϕ ≥ 0 on M ,
(ii) ϕ > ρ and Aϕ > ρ on D,
(iii) ϕ ≡ 0 on K,
(iv) ϕ > 0 on M \K, and
(v) For eah ompat set E ⊂ M \ K, we have Aϕ > δ on E for some onstant
δ = δ(ϕ,E) > 0.
Before addressing the proof, we onsider some remarks.
Remarks. 1. If the oeients of A are (for example) C1 and the onstant term is nonpos-
itive, then the existene of a onneted nonompat losed subset C of M with C ⊂ U is
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neessary in Proposition 1.11. In fat, if U is a onneted open subset of M and M admits
a nononstant nonnegative upper semi-ontinuous subsolution α whih vanishes on M \U ,
then U must ontain suh a set. For α(p) > 0 at some point p ∈ U and hene we may hoose
a number ǫ with 0 < ǫ < α(p) and a neighborhood V of the losed set { x ∈ M | α(x) ≥ ǫ }
with V ⊂ U . The maximum priniple then implies that the omponent W of V ontaining
p is not relatively ompat in M . Thus the set C = W is a losed onneted nonompat
subset of M ontained in U .
In partiular, as the following example illustrates, the onlusions of Proposition 1.2 and
Proposition 1.3 do not hold in general for K a losed nonompat set.
Example 1.14. Let K be the losed subset of the manifold M = R2 \ {(0, 0)} given by
K =
(
M \ (0, 2)× (0, 2)) ∪ ∞⋃
m=1
{1/m} × [0, 1].
Then the omplement U = M \ K is onneted and U is nonompat. But U does not
ontain a onneted nonompat losed subset of M and, therefore, every nonnegative
upper semi-ontinuous subharmoni funtion ϕ on M whih vanishes on K must vanish
everywhere in M .
2. As the following example shows, the onlusion of Theorem 1.13 may fail to hold if
the set D ⊂M \K has ompat omponents.
Example 1.15. The omplement U = M \K in M = R2 \ {(0, 1)} of the losed set
K =
(
M \ (0,∞)× (0, 4)) ∪ ∞⋃
m=1
{1/(2m)} × [0, 2]
is a onneted set with nonompat losure and U ontains the losed nonompat on-
neted set C = [1,∞)× {3}. The nonompat subset
D = { (1/(2m+ 1), 1) | m ∈ N }
of U is losed (in fat, disrete) in M . If ϕ is a nonnegative upper semi-ontinuous subhar-
moni funtion on M whih vanishes on K, then, for eah m, applying the maximum prin-
iple in [1/(2m+2), 1/(2m)]× [0, 2], we get a number {rm} with 1/(2m+2) < rm < 1/(2m)
and ϕ(rm, 2) ≥ ϕ(1/(2m + 1), 1). Sine (rm, 2) → (0, 2) ∈ K ⊂ M and ϕ is upper semi-
ontinuous, it follows that ϕ must be bounded on D.
3. If K ⊂M is a ompat set, then one an ahieve the onditions in Proposition 1.3 and
Theorem 1.10 by replaing K by the ompat set K̂. Beause we have Proposition 1.12
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and Theorem 1.13, for a general losed set K ⊂ M it is natural to dene K̂ to be the
union of K with all omponents ofM \K whih do not ontain any onneted nonompat
losed subsets of M .
The main step in the proof of Theorem 1.13 is the ase in whih D and M \ K are
onneted.
Lemma 1.16. Suppose U is a onneted open subset of M , C is a onneted nonompat
losed subset of M with C ⊂ U , and ρ is a positive ontinuous funtion on M . Then there
is a C∞ funtion ϕ suh that
(i) ϕ ≥ 0 and Aϕ ≥ 0 on M ,
(ii) ϕ > ρ and Aϕ > ρ on C,
(iii) ϕ ≡ 0 on M \ U ,
(iv) ϕ > 0 on U , and
(v) For eah ompat set E ⊂ U , we have Aϕ > δ on E for some δ = δ(ϕ,E) > 0.
Proof. We rst show that there is a nonnegative C∞ funtion ψ suh that Aψ ≥ 0 on M ,
ψ ≡ 0 on M \ U , and ψ > ρ and Aψ > ρ on C.
For this purpose, we may assume without loss of generality that C is loally onneted.
For we may hoose (as in the proof of Lemma 1.9) a loally nite (inM) overing A of C by
relatively ompat onneted open subsets of U . We may also hoose the overing so that
eah element meets C and has loally onneted losure (for example, we may hoose A so
that, for eah B ∈ A, there is a dieomorphism of some neighborhood of B onto an open
subset of Rn mapping B onto a ball). The losed onneted nonompat set
C ′ ≡
⋃
B∈A
B =
⋃
B∈A
B ⊂ U
is then loally onneted. For if p ∈ C ′ and B1, . . . , Bk are the (nitely many) elements ofA
whose losures ontain p, then, for eah j = 1, . . . , k, we may hoose a neighborhoodWj of p
in M suh that Wj ∩Bj is onneted and Wj ∩B = ∅ for eah set B ∈ A \ {B1, . . . , Bk }.
The set D ≡ ⋃kj=1(Wj ∩ Bj) is then a onneted subset of C ′ whih ontains the set
W1∩· · ·∩Wk∩C ′, a neighborhood of p relative to C ′. It follows that C ′ is loally onneted
(sine, by hoosing the neighborhoods {Wj} small, one sees that the omponents of any
open subset of C ′ are open relative to C ′). Therefore, by replaing C with the set C ′, we
may assume that C is loally onneted.
By Lemma 1.4, there is a sequene of ompat sets {Kν} suh that M =
⋃∞
ν=1Kν and,
for eah ν, we have Kν ⊂
◦
Kν+1 and C \Kν has only nitely many omponents, all of whih
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have nonompat losure. For we may hoose indutively a sequene of ompat subsets
{K ′ν} of M suh that M =
⋃∞
ν=1K
′
ν and suh that, for eah ν, we have
Kν ≡ K ′ν ∪ ̂(K ′ν ∩ C)C ⊂
◦
K ′ν+1;
where, for K ⊂ C ompat, K̂C is the union of K with all of the relatively ompat
omponents of C \K.
We now proeed as in the proofs of Theorem 1.1 and Theorem 1.10. Let K0 = ∅.
Given p ∈ C, there is a unique ν = ν(p) with p ∈ Kν+1 \ Kν . The omponent Up of
U \ Kν ontaining p must also ontain the losure of some omponent of C \ Kν+1 ⊂
C \
◦
Kν+1 ⊂ C \Kν . For we may take a point q in the omponent of C \Kν ontaining p
(a set with nonompat losure) whih lies outside Kν+1. The losure of the omponent
of C \Kν+1 ontaining q is then ontained in Up. We may apply Proposition 1.11 to get
a C∞ nonnegative funtion αp and a relatively ompat neighborhood Vp of p in Up suh
that Aαp ≥ 0 on M , suppαp ⊂ Up, and αp > ρ and Aαp > ρ on Vp. Thus we may hoose a
sequene of points {pk} in C and orresponding funtions {αpk} and neighborhoods {Vpk}
so that {Vpk} forms a loally nite (in M) overing of C. The olletion {suppαpk} is then
loally nite inM beause suppαpk ⊂ U \Kν whenever pk 6∈ Kν . Hene the sum
∑∞
k=1 αpk
is loally nite and, therefore, onvergent to a C∞ funtion ψ on M with the required
properties.
Now, by Lemma 1.9, there is a sequene of onneted open sets {Uν} suh that U =⋃∞
ν=1 Uν , C ⊂ U1, and, for eah ν, U ν ⊂ Uν+1. By the above, we may form a C∞
nonnegative funtion ψ suh that Aψ ≥ 0 on M , ψ ≡ 0 on M \U1, and ψ > ρ and Aψ > ρ
on C and, for eah ν = 1, 2, 3, . . . , we may form a C∞ nonnegative funtion ψν suh that
Aψν ≥ 0 on M , ψν ≡ 0 on M \Uν+1, and ψν > 1 and Aψν > 1 on Uν . Choosing a sequene
of positive numbers {ǫν} onverging to 0 suiently fast, the funtion ϕ = ψ+
∑
ǫνψν will
have the required properties. 
For the general ase, we will apply the following:
Lemma 1.17. Suppose X is a seond ountable, onneted, loally onneted, loally om-
pat, Hausdor topologial spae; K is a losed subset of X; and D ⊂ X \ K is a losed
subset of X with no ompat omponents. Then there exists a ountable loally nite (in
X) family of disjoint onneted nonompat losed sets {Cλ}λ∈Λ and a loally nite (in X)
family of disjoint onneted open sets {Uλ}λ∈Λ suh that
D ⊂ C ≡
⋃
λ∈Λ
Cλ and Cλ ⊂ Uλ ⊂ Uλ ⊂ X \K ∀λ ∈ Λ.
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Remark. We will not use the fat that the sets {Uλ} are disjoint.
Proof. As in the proof of Lemma 1.9, there is a ountable loally nite overing AD of D
by onneted open relatively ompat subsets of X \K whih meet D. Thus
D ⊂ V ≡
⋃
B∈AD
B ⊂ V =
⋃
B∈AD
B ⊂ X \K
(where we have used the loal niteness of the olletionAD). Sine eah of the omponents
of V meets, and therefore ontains, a omponent of D, the family of omponents {Vγ}γ∈Γ
of V is a loally nite family of onneted open sets with nonompat losure. The set
C ≡ V =
⋃
γ∈Γ
V γ
is a losed set ontained in X \K and the family of omponents {Cλ}λ∈Λ of C satises
Cλ =
⋃
γ∈Γ, V γ⊂Cλ
V γ =
⋃
γ∈Γ, V γ⊂Cλ
Vγ ∀λ ∈ Λ.
It follows that the family is loally nite in X (sine the family {V γ}γ∈Γ is loally nite)
and that Cλ is losed for eah λ ∈ Λ. Consequently, we may hoose a loally nite overing
AC of C by onneted relatively ompat open subsets of X \K suh that, for eah element
B ∈ AC , B and B meet exatly one omponent of C. For eah λ ∈ Λ, taking Uλ to be the
omponent of the set ⋃
B∈AC ,B∩Cλ 6=∅
B \
⋃
B∈AC ,B∩Cλ=∅
B
ontaining Cλ, we get disjoint onneted open sets {Uλ}λ∈Λ with Cλ ⊂ Uλ ⊂ Uλ ⊂ X\K for
eah λ ∈ Λ. This family is loally nite in X . For eah point in X has a neighborhood Q
whih meets only nitely many elements B1, . . . , Bk of AC . Eah Bj meets a unique
omponent Cλj of C. If λ ∈ Λ with Q ∩ Uλ 6= ∅, then Q ∩ B 6= ∅ for some B ∈ AC with
B ∩ Cλ 6= ∅. Hene we must have B = Bj for some j and, therefore, λ = λj. 
Proof of Theorem 1.13. Let
D ⊂ C ≡
⋃
λ∈Λ
Cλ and Cλ ⊂ Uλ ⊂ Uλ ⊂M \K ∀λ ∈ Λ
be as in Lemma 1.17. Applying Lemma 1.16 to eah pair of sets Cλ ⊂ Uλ, we get a
nonnegative C∞ funtion αλ suh that Aαλ ≥ 0 on M , αλ ≡ 0 on M \Uλ, and αλ > ρ and
Aαλ > ρ on Cλ (we do not need the onditions (iv) and (v) of Lemma 1.16 for this part).
Sine the family {Uλ} is loally nite in M , the sum
∑
αλ determines a nonnegative C
∞
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funtion α with Aα ≥ 0 on M , α ≡ 0 on M \⋃λ∈Λ Uλ ⊃ K, and α > ρ and Aα > ρ on
C ⊃ D.
Applying Lemma 1.16 to eah of the omponents {Vj}j∈J of M \ K, we get, for eah
j ∈ J , a C∞ nonnegative funtion βj suh that Aβj ≥ 0 onM , βj ≡ 0 onM \Vj , βj > 0 on
Vj, and, in Vj, Aβj is loally bounded below by a positive onstant. For J a nite set, we
may now take ϕ = α+
∑
j∈J βj . If J is innite, then, assuming as we may that J = N and
hoosing a sequene of positive numbers {ǫj} onverging to 0 suiently fast, the funtion
ϕ = α +
∑∞
j=1 ǫjβj will have the required properties. 
We lose this setion with the following observation onerning Theorem 1.10 for K the
losure of a smooth relatively ompat domain.
Corollary 1.18. Suppose Ω is a C∞ relatively ompat domain in M whose omplement
M \ Ω has no ompat omponents, ρ is a positive ontinuous funtion on M , and W is
a neighborhood of Ω. Then there is a C∞ funtion ϕ on M suh that ϕ > ρ on M \W ,
Aϕ > ρ on M , 0 is a regular value for ϕ, and Ω = { x ∈M | ϕ(x) < 0 }.
Proof. There exists a C∞ funtion τ on M suh that 0 is a regular value for τ , τ is
loally onstant on M \ V for some relatively ompat neighborhood V of ∂Ω in W , and
Ω = { x ∈M | τ(x) < 0 }. For ǫ > 0 suiently small, we have
D ≡ { x ∈M | −2ǫ ≤ τ(x) ≤ 2ǫ } ⊂ V
and (dτ)x 6= 0 for eah point x ∈ D. By Theorem 1.1, there is a C∞ funtion α with
ompat support in Ω suh that α ≤ 0 on M and Aα > ρ on { x ∈ M | τ(x) ≤ −ǫ }. By
Theorem 1.10, there is a C∞ nonnegative funtion β on M suh that Aβ ≥ 0 on M , β ≡ 0
on Ω, β > 0 and Aβ > 0 on M \ Ω, and β > ρ and Aβ > 1 + ρ on { x ∈ M | τ(x) ≥ ǫ }.
Finally, we may x a C∞ funtion χ : R → [0,∞) as in Lemma 1.8. Let R1, R2, R3 > 1
and let
ϕ = α +R2χ
(
R1(τ + 2ǫ)
)− R2χ(2R1ǫ) +R3β.
On M \W , we have ϕ ≥ R3β > β > ρ. On Ω, we have
ϕ < 0 +R2χ
(
R1(0 + 2ǫ)
)− R2χ(2R1ǫ) +R3 · 0 = 0.
On M \ Ω, we have
ϕ ≥ 0 +R2χ
(
R1(0 + 2ǫ)
)− R2χ(2R1ǫ) +R3β ≥ R3β > 0.
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Thus Ω = { x ∈ M | ϕ(x) < 0 }. For any point x ∈ ∂Ω = { x ∈ M | ϕ(x) = 0 }, we have
α = 0 near x and β has a loal minimum at x. Thus
dϕ = dα +R1R2χ
′(2R1ǫ)dτ +R3dβ = 0 +R1R2χ
′(2R1ǫ)dτ + 0 6= 0.
By Lemma 1.7, for R1 ≫ 0, we get A
[
χ
(
R1(τ+2ǫ)
)] ≥ 0 on Ω∪D = { x ∈M | τ(x) ≤ 2ǫ }
and A
[
χ
(
R1(τ + 2ǫ)
)]
is bounded below by a positive onstant in a neighborhood of eah
point in { x ∈M | −2ǫ < τ(x) ≤ 2ǫ } ⊂ D. On { x ∈M | τ(x) ≤ −ǫ } we have
Aϕ ≥ Aα + 0 + 0 = Aα > ρ.
For R2 ≫ 0, on { x ∈M | −ǫ ≤ τ(x) ≤ ǫ } we have
Aϕ ≥ Aα +R2A
[
χ
(
R1(τ + 2ǫ)
)]
> ρ.
Finally, sine τ is loally onstant on M \ V , for R3 ≫ 0, on { x ∈M | τ(x) ≥ ǫ } ⊂M \Ω
we have
Aϕ = 0 +R2A
[
χ
(
R1(τ + 2ǫ)
)
] +R3Aβ > R2A
[
χ
(
R1(τ + 2ǫ)
)
] +R3(1 + ρ) > ρ.

2. Two appliations
To illustrate the broad utility of the existene of exhausting strit subsolutions, we
onsider two (mostly known) onsequenes.
We rst reall that any Ck funtion ϕ on a smooth manifold an be approximated in
the Ck Whitney topology by a C∞ Morse funtion ψ [GG℄. Applying this to a funtion ϕ
from Theorem 1.1, we get
Corollary 2.1. If M and A are as in Setion 1 with M nonompat and ρ is a positive
ontinuous funtion on M , then there exists a C∞ Morse funtion ψ satisfying ψ > ρ and
Aψ > ρ.
Taking A to be ∆g for a Riemannian metri g and ρ to be a ontinuous exhaustion
funtion, we get a C∞ exhaustion funtion ψ whose Hessian is of index at most n − 1 at
eah point. Thus we get the following well-known fat:
Theorem 2.2. A onneted nonompat C∞ manifold of dimension n has the homotopy
type of a CW omplex with ells of dimension ≤ n− 1.
The next observation is that the existene of exhausting strit subsolutions allows one
to onstrut a Hermitian metri of positive salar urvature (positive urvature in the ase
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of a Riemann surfae) in a holomorphi line bundle with a nontrivial holomorphi setion.
In the ompat ase, suh Hermitian holomorphi line bundles are, of ourse, a natural
substitute for stritly subharmoni funtions.
For the rest of this setion, X will denote a onneted omplex manifold of (omplex) di-
mension n and g will denote a C∞ Hermitian metri inX . The Levi form of a C2 funtion ϕ
on X is the Hermitian tensor given by, in loal holomorphi oordinates (z1, . . . , zn),
L(ϕ) =
n∑
i,j=1
∂2ϕ
∂zi∂z¯j
dzidz¯j.
The Laplae operator ∆g for the Hermitian metri g is given by the trae of the Levi form:
∆g =
∑
i,j
gij¯
∂2
∂zi∂z¯j
where
(
gij¯
)
=
(
gij¯
)−1
. This ellipti operator is equal to 1/2 the Laplae operator of
the assoiated Riemannian metri if g is Kähler. A C2 real-valued funtion ϕ is alled
subharmoni (stritly subharmoni) with respet to g if ∆gϕ ≥ 0 (respetively, ∆gϕ > 0).
If L is a holomorphi line bundle on X and h is a C2 Hermitian metri in L, then the
urvature of h is the Hermitian tensor Θh given by
Θh ≡ L(− log |s|2h)
for any nonvanishing loal holomorphi setion s of L. The salar urvature Rh of h with
respet to g is given by the trae of the urvature; that is, loally,
Rh ≡ ∆g(− log |s|2h).
In partiular, if X is a Riemann surfae, then Rh = Θh/g.
Theorem 2.3. Let L be a holomorphi line bundle on X. If X is nonompat or L = [D]
is the holomorphi line bundle assoiated to a nontrivial eetive divisor D in X (i.e. L is
a holomorphi line bundle whih admits a nontrivial global holomorphi setion), then L
admits a C∞ Hermitian metri h with positive salar urvature.
Proof. Fix a C∞ Hermitian metri k in L. We will modify k to obtain h.
Assuming rst that X is nonompat, Theorem 1.1 provides a C∞ stritly subharmoni
(with respet to g) exhaustion funtion ϕ. If χ is a C∞ funtion on R with χ′ > 0 and
χ′′ ≥ 0 and
h = e−χ(ϕ)k,
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then
Rh = ∆g(χ(ϕ)) +Rk = χ′(ϕ)∆gϕ+ χ′′(ϕ)|∂ϕ|2g +Rk ≥ χ′(ϕ)∆gϕ+Rk.
Choosing χ so that χ′(t)→∞ suiently fast as t→∞, we get Rh > 0.
Assuming now that X is ompat and L = [D], where D is a nontrivial eetive divisor,
let Y = |D| ⊂ X be the support of D and let s be a global holomorphi setion of L
with assoiated divisor D. Applying Theorem 1.1 to a nonompat neighborhood of Y
in X and utting o, we get a C∞ funtion α on X whih is stritly subharmoni on a
neighborhood U of Y . After shrinking U slightly and replaing α by a large multiple, we
may assume that
∆gα+Rk > 2 on U.
Sine − log |s|2k →∞ at Y , we have, for N ≫ 0,
Y ⊂ { x ∈ X | α(x)− log |s(x)|2k ≥ N } ⊂ U
(setting α− log |s|2k =∞ along Y ). We may hoose a C∞ funtion λ on R suh that λ′ ≥ 0,
λ′′ ≥ 0, λ(t) = t if t ≥ 3N , and λ(t) = 2N if t ≤ N . We set λ(∞) =∞. The restrition of
the funtion
ρ ≡ λ(α− log |s|2k)
to X \ Y is C∞ and subharmoni beause ρ ≡ 2N on a neighborhood of X \U (and hene
∆gρ = 0), while on U \ Y we have
∆gρ = λ
′
(
α−log |s|2k
)·(∆gα+Rk)+λ′′(α−log |s|2k)·∣∣∂(α−log |s|2k)∣∣2g ≥ 2λ′(α−log |s|2k) ≥ 0.
Observe also that ρ = α − log |s|2k on the relatively ompat neighborhood V of Y in U
given by
V = { x ∈ X | α(x)− log |s(x)|2k > 3N }.
Applying Theorem 1.1 to the onneted nonompat manifold X \ Y and utting o near
Y , we get a C∞ funtion β with ompat support in X \ Y satisfying ∆gβ > 0 on X \ V .
Choosing ǫ > 0 so small that ǫ∆gβ > −1 on X , we see that the restrition of the funtion
γ ≡ ρ+ ǫβ to X \ Y is C∞ and stritly subharmoni. In fat, on V \ Y , we have
∆gγ = ∆(α− log |s|2k + ǫβ) > 2− 1 = 1.
We may now dene |ξ|2h for ξ ∈ Lx with x ∈ X by
|ξ|2h =
{
e−γ(x)|ξ/s(x)|2 if x ∈ X \ Y
e−α(x)−ǫβ(x)|ξ|2k if x ∈ V
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Then h is a well-dened C∞ Hermitian metri in L sine, for x ∈ V \ Y and ξ ∈ Lx, we
have
e−γ(x)|ξ/s(x)|2 = e−
(
α(x)−log |s(x)|2
k
+ǫβ(x)
)
|ξ|2k/|s(x)|2k = e−α(x)−ǫβ(x)|ξ|2k.
Furthermore, on X \ Y we have
Rh = ∆g
(− log |s|2h) = ∆gγ
{
> 0 on X \ Y
> 1 on V \ Y
By ontinuity, we also have Rh ≥ 1 > 0 at points in Y . Thus Rh > 0 on X . 
For X a Riemann surfae, the above proofs beome espeially simple. For example,
the onstrution of α in the proof of Theorem 2.3 is trivial for dimX = 1 beause Y
is disrete. For X an open Riemann surfae, one gets a C∞ stritly plurisubharmoni
exhaustion funtion and, therefore, by [G℄ and [DG℄, one gets the theorem of [BS℄ that an
open Riemann surfae is Stein. For a general Riemann surfae, Theorem 2.3 yields the
following familiar fat:
Corollary 2.4. The holomorphi line bundle assoiated to a nontrivial eetive divisor in
a Riemann surfae X admits a C∞ Hermitian metri with positive urvature.
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